In this paper, we study the Moore-Penrose inverses of differences and products of projectors in a ring with involution. Further, some necessary and sufficient conditions for the existence of the Moore-Penrose inverse are given. As applications, the expressions of the Moore-penrose inverses of the differences and the products of projectors are presented. Some known results in C * -algebra are extended.
Introduction
Throughout this paper, R is a unital * -ring, that is a ring with unity 1 and an involution a → a * satisfying that (a * ) * = a, (a + b) * = a * + b * , (ab) * = b * a * . Recall that an element a ∈ R is said to have a Moore-Penrose inverse (abbr. MP-inverse) if there exists b ∈ R such that the following equations hold [10] : aba = a, bab = b, (ab) * = ab, (ba) * = ba.
Any b that satisfies the equations above is called an MP-inverse of a. The MP-inverse of a ∈ R is unique if it exists and is denoted by a † . By R † we mean the set of all MP-invertible elements in R.
MP-inverse of the differences and the products of projectors in various sets attracts wide attention from many scholars. For instance, Cheng and Tian [1] studied the MP-inverses of pq and p − q, where p, q are projectors in complex matrices. Li [9] investigated how to express MP-inverses of product pq and differences p − q and pq − qp, for two given projectors p and q in a C * -algebra. Deng and Wei [3] established some formulae for the MP-inverse of the differences and the products of projectors in a Hilbert space, which extended some results in C * -algebra. More results on MP-inverses can be found in [6, 7, 10] .
Motivated by the papers [8] , we investigate equivalent conditions for the MP-inverse of the differences and the products of projectors in a ring with involution. As applications, the expressions of the MP-inverse of the differences and the products of projectors are presented. Some well-known results in C * -algebra are extended. Note that neither dimensional analysis nor special decomposition in Hilbert spaces and C * -algebra can be used in rings. The results in this paper are proved by a purely ring theoretical method.
Some lemmas
In what follows, p, q always mean two projectors (i.e., p 2 = p = p * ) in a ring with involution. Next, we begin with some lemmas which play an important role in this paper.
In 1992, Harte and Mbekhta [5] showed the excellent result in C * -algebras, i.e., if a is MP-invertible, then a * c = ca * and ac = ca imply ca † = a † c. In 2012, Drazin [4] extended the results in [5] to a * -semigroup case. 
Following Koliha and Patricio [7] , the commutant and double commutant of a are defined by comm(a) = {x ∈ R : xa = ax} and comm 2 (a) = {x ∈ R : xy = yx f or all y ∈ comm(a)}, respectively. Proposition 3.2. If p(1 − q) and q(1 − p) are * -cancellable, the following conditions are equivalent
Proof.
(1) ⇔ (6) Note that a ∈ R † if and only if a * ∈ R † . Hence, it is sufficient to prove that (1) − (5).
(
Recall that a ∈ R is normal if aa * = a * a. Further, if a ∈ R † , we have aa † = a † a by Lemma 2.2. In 2004, Koliha, Rakočević and Straškraba [8] showed that p − q is nonsingular if and only if 1 − pq and p + q − pq are nonsingular, for projectors p, q in complex matrices. It is natural to consider whether the same property can be inherited to the MP-inverse in a ring with involution. The following result illustrates the possibility. 
2 + 1 − p and hence 1 − pqp ∈ R † according to Theorem 3.1. So 1 − pq ∈ R † . (2) ⇒ (1) Let p = 1 − p, q = 1 − q. Note that a is * -cancellable if and only if a * is * -cancellable. By (1) ⇔ (4) in Proposition 3.2, we have 1
(1) ⇔ (3) By replacing p, q by 1 − p and 1 − q in (1) ⇔ (2).
Next, we mainly consider the representation of the MP-inverse by virtue of aforementioned results.
Then, we have
Proof. (1)
Step one: We prove F = (p − q)
Step two: We show
Under the same symbol of Theorem 3.4, the following result gives more relations between F , G and H.
Proof. (1) can be obtained by a similar proof of Theorem 3.4.
(2) Take involution on (1), it follows that (1 − p)q † = (p − q) † q and hence
We have
The proof is completed.
Keeping in mind that the relations in Theorem 3.4 and Corollary 3.5, we give the following equalities, in which a denotes 1 − a.
It is well known that p − q ∈ R † may not imply p + q ∈ R † . Such as take R = Z and 1 = p = q ∈ R, then p−q = 0 ∈ R † , but p+q = 2 / ∈ R † . The next theorem presents the necessary and sufficient conditions of the existence of (p + q) † .
Theorem 3.7. Let 2 ∈ R −1 . Then the following conditions are equivalent (1) pH = p, (2) (p + q)H = (p + q), (3) p + q ∈ R † and (p + q) † = (p − q) † (p + q)(p − q) † .
(1) ⇒ (2) If pH = p, then we get qH = q by the symmetry of p and q. Hence (p + q)H = (p + q).
(2) ⇒ (1) As (p − q)H = p − q, then p + q = (p + q)H = (q − p + 2p)H = (q − p)H + 2pH = −(p − q) + 2pH.
The equality above implies pH = p since 2 ∈ R −1 . (2) ⇒ (3) Let x = (p − q) † (p + q)(p − q) † . We prove x is the MP-inverse of p + q by checking four equations of Penrose.
(i) We have (p + q)x(p + q) = p + q. Indeed,
